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The adsorption selectivity, S i , j  = (xi/yi)/(xj/yj), is examined in a 1-D model of a 
mixture of hard rods adsorbing on a linear substrate. The adsorbed components are 
characterized by their length, li, and equilibrium constant, ki. We deriue an expression 
for the bulk-phase pressure Po, for which there is no separation of components i and j ,  
Si, = 1, in terms of these parameters. The selectivity of the smaller component always 
increases with the bulk pressure, which results in a selectivity reversal iJI as is usually the 
case, the larger component is more strongly adsorbed at low surface coverages In a 
binary mixture, when P < Po, the selectivity of the smaller component decreases with 
increasing bulk-phase mole fraction, y,, while for P > Po, the reverse is true. The effect 
of varying the molecular parameters on the selectivity is also studied. 

Introduction 
The separation of mixtures is frequently based on adsorp- 

tion, a phenomenon that occurs whenever a bulk phase is 
exposed to an interface. Far from the interface, the thermo- 
dynamic state of the bulk is specified by a temperature T ,  
pressure P, and a composition {yi}, while the adsorbed phase 
has a specific density p (usually per unit area or per unit 
mass of the adsorbent) and a composition {xi}. Separation 
processes exploit the preferential concentration of a desired 
component at the interface. To quantify this effect, one de- 
fines the selectivity (alternatively known as the separation fac- 
tor or partition coefficient) of component i with respect to 
component j :  

The selectivity is a key quantity in the design of separation 
processes, and hence it has been the focus of a number of 
recent molecular simulation studies of mixture adsorption 
(Maddox et al., 1996; Van Tassel et al., 1994, 1996). When 
S,,j < 1, component i is depleted in the adsorbed phase com- 
pared with the bulk relative to component j ,  while S i , j  > 1 
implies that component i is preferentially adsorbed com- 
pared with component j .  The condition S,,] = 1, which we 
will call the koselectiuepoint (ISP), is of special interest since 
it defines the point of selectivity reversal, that is, the condi- 
tion where no separation of components i and j occurs. 

Depending on the application, it may also be of interest to 
consider the quantity 

X.  s.=' 
Yi 

which might be termed the absolute selectivity of component 
i ,  while Si, would strictly be called the relative selectivity. One 
can easily show that the two are related as follows: 

(3) 
Si, j or S, = 

s ='=- S SiYj 
sj 1- siyi  Yj + Si, jy ,  ' 

and there is, of course, a constraint resulting from the de- 
pendence of the mole fractions, CyiSi = 1. Note that, al- 
though Si,j and Si are, in general, different, in the case of a 
binary mixture both equal unity at the pressure of selectivity 
reversal, Po, since both S i , j  = 1 and Si = 1 imply x1 = y , .  

For a given adsorption system, a knowledge of how the 
isoselective point, or more generally the selectivity itself, 
depends on the prevailing conditions of bulk pressure and 
composition, as well as the molecular properties of the com- 
ponents of the mixture, is invaluable in optimizing the sepa- 
ration of a desired component. 

A selectivity reversal can occur in a model system that in- 
corporates hard-core interactions between the adsorbed 
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molecules and a constant adsorbate-adsorbent adsorption 
energy (Bakaev and Steele, 1997; Franses et al., 1995; Talbot, 
1996). In a binary mixture, the larger component typically has 
a larger adsorption energy, and hence is preferentially ad- 
sorbed at low surface coverages. As the surface coverage in- 
creases, the smaller, sterically favored species progressively 
displaces the larger component. Although apparently simple, 
this model is not an unreasonable one for many adsorption 
systems since the adsorbate-adsorbate interactions are typi- 
cally much smaller than the holding potential. 

The study of one-dimensional systems is an extremely fe- 
cund area of statistical mechanics. Many of the properties of 
these systems can be determined exactly and analytically, and 
although they do not exhibit phase transitions, their behavior 
is otherwise qualitatively similar to their higher-dimensional 
counterparts. In recent years, one-dimensional models have 
been studied extensively in connection with adsorption proc- 
esses (Monson, 1990; Chiang et al., 1996; Vanderlick et al., 
1989; Davis, 1996). This approach is particularly germane to 
systems where the geometry of the adsorbent confines the 
adsorbed fluid in an effectively one-dimensional channel, for 
example, xenon adsorbed in mordenite. Also, when the pore 
structure is angular, the initial adsorption is restricted to a 
line of molecules along the edge (Bojan et al., 1996). In these 
cases, the predictions of the one-dimensional theories can be 
in quuntitatiue agreement with experiment (Mitchell et al., 
1994; Bojan and Steele, 1996). 

The properties of one-dimensional fluid mixtures in the 
thermodynamic limit were first investigated systematically in 
the 1950s (Prigogine and LaFleur, 1954; Kikuchi, 1955; 
Longuet-Higgins, 1958). In this article, we derive exact ex- 
pressions for the ISP in a model system of hard rods ad- 
sorbed on a linear substrate, and derive inequalities for the 
dependence of the selectivity on bulk pressure and composi- 
tion, as well as the molecular-size ratio and equilibrium-con- 
stant ratio. 

Theory 
The isothermal-isobaric partition function for a mixture of 

hard rods adsorbed on a line with periodic boundary condi- 
tions is 

where II is the (one-dimensional) spreading pressure; A j  is 
the thermal wavelength, p = l / k , T ;  where k ,  is 
Boltzmann’s constant; T is the absolute temperature; li  and 
- ei are the length and adsorption energy of species i; and 
I, = Zh$li is the total length occupied by the N = N ,  + N2 
+ rods. The configurational partition function of a single 
adsorbed molecule of species i is denoted by qi and has di- 
mensions of length squared. Finally, the factor Lo represents 
an (unimportant) reference length that renders the expres- 
sion dimensionless. The chemical potential of the ith ad- 
sorbed species is 

which, incidentally, implies that the adsorbed mixture is ideal 
(Bakaev and Steele, 1997). We now assume that an equilib- 
rium exists between the adsorbed phase and an ideal bulk 
phase in which the chemical potential of component i is ppj 
= ppp + In(Pj/C0). The equilibrium condition, or equality of 
the chemical potential of each species, gives 

kipi = p I I x i  exp ( p I I l i ) ,  

where 

(6) 

(7) 

is the Henry’s law constant of component i. At low spreading 
pressures, Eq. 6 reduces to kipi = p k , ,  so the selectivity is 
determined solely by the (kJ :  Sr, = kr/kj.  

At higher coverages, the interaction among the adsorbed 
molecules becomes significant and one requires the equation 
of state of the adsorbed fluid. This may be obtained from the 
relation L = dG/dII: 

1 1  

(8) 

This exact equation has an obvious physical interpretation: at 
low spreading pressures, it approaches the ideal gas equa- 
tion, while in the limit of infinite spreading pressure, the ad- 
sorbed molecules form a close-packed array with no void 
space. Although the isobaric-isothermal partition function for 
a mixture of rods on a line does not appear to have been 
given previously, the thermodynamic properties of this sys- 
tem are known and have been presented by several authors 
including Davis (1996) and Bakaev and Steele (1997). 

To find the spreading pressure for a given bulk pressure 
and composition we eliminate the {x i )  from Eq. 6: 

This equation can be solved numerically to find pII, and 
then the mole fractions of the adsorbed components can be 
found from 

(10) 

Finally, the adsorbed density is computed from Eq. 8. 

ity of component i with respect to component j is 
From the definition, Eq. 1, we easily show that the selectiv- 

(11) 
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When the size of the components is equal, the selectivity S i , j  
= ki/ki is a constant, independent of bulk pressure or com- 
position. This is the behavior of the multicomponent Lang- 
muir equations. In the remainder we consider the more inter- 
esting case when there is a size difference. 

E@ect of bulk pressure and composition 
For definiteness, we assume that component j is the larger 

of the two species. We first consider the effect of varying 
bulk pressure on the selectivity 

and is clearly always positive, that is, the selectivity of the 
smaller component always increases with increasing bulk 
pressure. This behavior is illustrated in Figure 1. 

It follows from this result that if the larger component has 
the larger Henry's law constant-kj/ki > 1-selectivity rever- 
sal is possible and occurs at a spreading pressure 

(13) 

which, from Eq. 9, corresponds to a bulk phase pressure of 

In the case of a binary mixture this takes the particularly sim- 
ple form 

KMA-')ln K 
P,* = (15) A - 1  ' 

1 
O l l  . . . , . . .  l . . . l . . . l . . . l  

., 2 4 6 8 ' 3  
P' 

Figure 1. Selectivity of component 1 as a function of the 
reduced pressure for different values of the 
equilibrium constant ratio, K .  

In all cases, A = 2 and y 1  = 0.5. 
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Figure 2. Effect of size ratio on the pressure at which 
S,,2 = 1; the curves are for different values of 
the equilibrium constant ratio, K .  

where K = k,/k,, A =  12/11 ,  and P* = Pl,k,. Thus, the pres- 
sure of the ISP increases with increasing equilibrium con- 
stant ratio, K,  and decreases with increasing size ratio, A. 
Some examples of this dependence are shown in Figure 2. 
The pressure of the ISP is extremely sensitive to A at small 
values of this quantity. An implication of this result for sepa- 
rations is that if the molecular sizes of the two components 
are almost equal, a very high pressure will be required for 
significant separation based on the size difference. Another 
important property of the model is that, for a binary mixture, 
P,* does not depend on the bulk-phase composition. Thus, 
selectivity reversal cannot be achieved by varying the bulk 
composition at fixed pressure. 

Table 1 shows the predicted pressures of selectivity rever- 
sal for various binary mixtures of light gases adsorbing in zeo- 
lite 5A. Henry's law constants were calculated at 300 K using 
the data provided by Ruthven (1984), and the molecular di- 
mensions were taken as the Lennard Jones cr parameter es- 
timated from the second virial coefficient (Reed and Gub- 
bins, 1973). We should immediately point out that there is 
considerable uncertainty in the estimated P,*. For example, 
with the CH, and CO, mixture just a 1% increase in A re- 
sults in a three orders of magnitude reduction in Po*. The 
data do, however, serve to illustrate the wide variation in the 

Table 1. Adsorption Parameters for Various Light Gases 
Adsorbed in Zeolite SA* 

1 2 h K PI? 
CH4 
CO2 

COZ 

C 2 H 6  
nC4H10 

C2H6 
nC4H10 

C2H6 
nC4H10 
nC4H10 

1.09 
1.20 
1.41 
1.94 
1.10 
1.30 
1.78 
1.18 
1.62 
1.37 

0.093 

1.2 
160 

560 
1,800 

13 
6,000 

470 

0.007 
3.4 

- 
5.4 x 10'2 

5.8 X 103 
8.5 x 1033 
4.0 x 104 
7.4 x 105 

0.63 

- 
14 

2.7X 10' 

*The Henry's law constant ratios, K = kdk,, at 300 K were computed 
from the data supplied by Ruthven (1984). and the molecular size ratios, 
A = /dll, were estimated from the Lennard-Jones ~7 parameters (Reed 
and Gubbins, 1973). The reduced pressures at selectivity reversal were 
computed with Eq. 15. 
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Figure 3. Absolute selectivity, S, = xJyi of each com- 
ponent in a ternary hard-rod mixture. 
k , /k ,  = 2, k , / k ,  = 3; 1 2 / 1 ,  = 2, l J ,  = 4; y ,  = 0.4, y 2  = 0.3 as 
a function of the reduced bulk pressure, f' = f k , l , .  

pressure of selectivity reversal. Moreover, the qualitative pre- 
dictions, for example, that methane displaces ethane at a 
lower pressure than n-butane, are likely to be more, though 
not completely, reliable. 

Converting the reduced pressure to a real pressure intro- 
duces further uncertainty and the assumption of a strictly 
one-dimensional fluid is clearly not valid in the case of zeo- 
lite 5A. Nevertheless, for the C02/nC,Hlo mixture using 
kcOz (300 K) = 6.8 m?lecules/cage/torr and taking the length 
of one cage as 12.3 A (Ruthven, 1984), we estimate P,* = 10 
torr, indicating that carbon dioxide easily displaces the large 
n-butane. The Po for other mixtures are many orders of mag- 
nitude larger and, due to the large uncertainties involved, are 
not presented. 

We now return to the theoretical development and address 
mixtures with more than two components. As an example, 
Figures 3 and 4 show the absolute selectivity and density for 
each component in a ternary mixture. At low pressures the 
component with the largest k i ,  in this case component 3, has 
the largest Si. While this decreases monotonically with in- 

0.40[ ' '  " " ' .  " ' '  ' '  " ' '  ' j  

- -  - -  --I 
0.0 0.5 1 .o 1.5 2.0 

P' 

Figure 4. Same as Figure 3, except the adsorbed densi- 
ties of each component and the total ad- 
sorbed density are shown. 

creasing P ,  the selectivity of the smallest component (1) in- 
creases monotonically. Component 2, however, displays a 
maximum selectivity at an intermediate pressure. In the iow- 
to-intermediate-pressure regime molecules of species 2 dis- 
place the larger component 3, only to be ultimately dislodged 
themselves by the smaller component 3. 

We next wish to understand the effect of bulk-phase com- 
position on the selectivity. In a multicomponent mixture there 
is no unique way to vary the composition, so we restrict our 
examination to a two-component mixture where there is no 
ambiguity. 

P ,  1 , .  k ,  

which is zero when n = no. Thus, the selectivity is inde- 
pendent of the bulk-phase mole fraction at the point of selec- 
tivity reversal. If ll> no, ( d I I / d y , )  > 0, so at high bulk-phase 
pressures, that is, when P > Po, S1,2 increases with y , ,  while 
at low bulk-phase pressures, P < Po, Sl,2 decreases with y , .  
At high bulk pressures the selectivity is quite sensitive to bulk 
composition, while in the latter case, it is a very weak func- 
tion of composition. Some examples are shown in Figure 5. 

Finally, in this section, we consider the effect of varying 
the partial pressure of component. 

k, e - P  
(17) - - (7) Pk + 1 .  k k  v ' k  1 + P~y , ,k , , l , , e -P" 'n  

and the effect on the selectivity is 

which is always positive, even when k = j .  

. ^  
00- 

0 2 4 6 e " 
C' 

Figure 5. Selectivity of component 1 as a function of the 
reduced bulk pressure, P*.  
The number labeling each curve is the mole fraction of com- 
ponent 1. Upper group of curves: K = 2; lower: K = 4. The 
dashed line is the condition of no separation. 
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Eflect of varying molecular parameters 
We next consider the effect of varying the molecular pa- 

rameters on the adsorption selectivity. There is no unique 
way to vary these parameters, but we consider three possibili- 
ties: varying length ratio at constant equilibrium constant ra- 
tio, vice versa, and by assuming that the adsorption energy is 
proportional to the length of the particle. 

The effect of varying the length of component k on the 
spreading pressure is given by 

and the effect on the selectivity is 

where tjjj = 0 if i # j and Sij = 1 if i = j .  The selectivity de- 
creases if k # i, k # j ,  or if k = i .  The derivative is positive, 
however, if k = j .  For a binary mixture, (dS l , z /dA)y , ,K ,p  > 0 is 
a realization of the latter case, and an example is presented 
in Figure 6. 

The effect of varying the equilibrium constant of compo- 
nent 1 is 

and the effect on the selectivity is 

(22) 

Again, there are three cases. If 1 # i, 1 # j ,  or 1 = i, then this 
derivative is positive, while if 1 = j ,  the selectivity decreases 
with increasing k j .  

We now consider the more realistic case where the length 
and Henry's law constant vary simultaneously. The general 
expression for the effect of varying the length of component 
k on the selectivity of i with respect to j is 

oooo'o 1 ' 

O l L  4 , . .  1 . . .  I , . .  I . . .  

0 2 4 6 R '9 
h 

Figure 6. Selectivity as a function of the length ratio: 
K = 2 and yl = 0.5. 
The number labeling each curve is the bulk pressure, P*.  

For a more specific expression we must specify the depend- 
ence of k ,  on l i .  A physically plausible choice is to assume 
that the adsorption energy of a molecule is proportional to its 
length, E, = al,, as might be the case for a homologous series 
of compounds. If we also assume that qi results from har- 
monic motion in the two directions perpendicular to the line 
then, to a good approximation, q2/q, = e1/e2 (Bakaev and 
Steele, 1997). Finally, taking the bulk species as ideal 
monatomic gases for which exp( ppp) = P;A: p, we have 

with this choice, the effect on the spreading pressure is 

(24) 

Substituting this in Eq. 23 yields 

If k = i or k # i, k # j ,  then dSi,l /alk > 0 at low p n with a 
crossover at p n  = pa  - l i ' .  If k = j ,  then dS, , , /a l ,  < 0 at 
low pressure with achange in sign at the same value of pn 
as in the other two cases. 

Some numerical examples are presented in Figure 7 for 
the two-component case where 

At low total pressures the selectivity of component 1 de- 
creases with increasing length ratio, but at sufficiently high 
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- 

The upper set of three curves is for pcr = 1 ,  while the lower 
group has pcr = 3. 

position and height of the maximum decreases and increases, 

pressures, 
favors the 

the more general expression for the selectivity is 
the reverse is true. A large length ratio strongly 

(30) 
k i  41 larger species at low surface coverages but, at suf- 

ficiently high pressure, the increase in binding strength of the 
larger particle is more than offset by its steric disadvantage 

s = - e B n ( / , - / ' )  
' * I  k14]  

and the smaller species prevails. Increasing the parameter pa 
at constant pressure, as expected, decreases the selectivity of 
component 1. 

and the Pressure at selectivity reversal for a binary mixture is 

We also examine in this case the total and partial cover- I A A -  1)  

ages and densities of the adsorbed fluid. The former are ob- P o k , 4 , ( P o ) l ,  = ( A  - l)- '  In 
tained from 

0.f 

sition. 
As an illustration of the effect of bulk-phase nonideality 

we consider an equimolar mixture of methane and ethane. 
Figure 9 shows the fugacity coefficients for this mixture, com- 
puted from the van der Waals equation, for pressures up to 
200 atm, and significant deviations from ideality are evident 
at high pressures. The adsorbed densities of the mixture, with 
adsorption parameters taken from Table 1, were calculated 
numerically and the results are given in Figure 10. Although 
the total density is barely modified, the partial densities of 
methane and ethane are increased and decreased, respec- 
tively, which results in a considerable enhancement of the 
methane selectivity compared with the ideal case. 

2 

3 

Summary and Discussion 
0 5 10 15 2G 

P' The key results of this article concerning the effect of bulk 
pressure and composition on the selectivity in the case of a 

Figure 8' Total and partial 'Overages Of the adsorbed binary mixture can be presented succinctly as follows: 
Point of isoselectiuity (ISP) species as a function of the bulk pressure, P *. 

The number labeling each curve is the length ratio, A. The 
equilibrium constant ratio, K ,  is computed from Eq. 27, with 
pa = 1 .  The bulk-phase mole fraction, y , ,  is 0.5. Solid lines: 
total coverage; dashed lines: coverage of the smaller compo- 
nent, 0,;  dashed-dot lines: coverage of the larger compo- 
nent, 0,. Note the maximum in ez. 

s,,2 = 1 ,  P* = Po*, (32) 

where 
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t 
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0 . G t . .  , . I . .  . . I , ,  , , , , ,  , , 

3 50 100 150 200 

Figure 9. Fugacity coefficients in an equimolar mixture 
of methane (solid line) and ethane (dashed 
line) at 300 K computed from the van der 
Waals equation of state. 

P’ 

The van der Waals constants were taken from the CRC 
Handbook (1991), and standard mixing rules with a zero bi- 
nary interaction parameter were used. The reduced pres- 
sure, P*, is numerically equal to the pressure in atmc- 
spheres. 

Effect of bulk pressure (A > I )  

Effect of bulk composition 

<o, P* <Po* 

=o, P * = P , *  (2) K , A , P *  

(33) 

(34) 

>o, P * > P , * .  (35) 

In terms of engineering practice, Eq. 33 could, in the absence 
of detailed experimental or simulation results or a more so- 
phisticated theory, provide a first estimate for the pressure of 
selectivity reversal from a knowledge of only the size and 
Henry’s law constant ratios. 

The properties of the one-dimensional system are in quali- 
tative agreement with those of the two-dimensional system of 
a binary mixture of disks adsorbing on a planar surface, as 
computed from scaled particle theory (SIT) (Talbot, 1997). 
Thus, this model predicts that the selectivity of the smaller 
species always increases with bulk pressure, and a selectivity 
reversal occurs if the larger species is preferentially adsorbed 
at low surface coverages. The selectivity of the smaller com- 
ponent increases with bulk-phase mole fraction at high pres- 
sures, while the reverse is true at low pressures. Unlike the 
one-dimensional system, however, the pressure at which the 
selectivity is independent of the bulk-phase mole fraction, P I ,  
is not equal to the pressure of selectivity reversal, Po. 

0.6 

Q 0.4 

0.2 

o . o Y . .  . . I . .  , , I . .  , . , . . , , J 
0 50 100 150 200 

Figure 10. Adsorbed densities of methane (1) and 
ethane (2) as a function of reduced pressure 
at 300 K. 

P’ 

The adsorption parameters, taken from Table 1, are for 
the adsorption of this mixture in zeolite 5A. The dashed 
lines are predictions assuming ideal bulk-phase behavior. 

The theory considered here applies to molecules adsorbing 
on a homogeneous substrate and in the thermodynamic limit. 
Various elaborations of the model should yield interesting 
results, but it is unlikely that in these cases that simple ana- 
lytical expressions would be available. Possible variations in- 
clude the addition of attractive interactions between the ad- 
sorbed molecules, finite-size systems, fluids adsorbing on a 
heterogeneous substrate, or any combination of these. Mon- 
son (1990), for example, has studied the adsorption selectivity 
of the inhomogeneous square-well fluid mixtures. Kofke and 
Post (1993) studied systems in which the adsorbed molecules, 
while constrained to a fixed-order, have some freedom to 
move off axis. Lebowitz et al. (1987) investigated one-dimen- 
sional fluids where the molecular centers are constrained to a 
line, but the molecules have a continuous orientation with 
respect to this line. These two models could be extended to 
the case of mixtures. 
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